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Abstract
We are describing Lamé differential operators with a full set of algebraic solutions. For each
ﬁnite group G, we are describing the possible values of the degree parameter n such that the
Lamé operator Ln has the projective monodromy group G. The main technical tool is the
combinatorics associated to Belyi functions, ideas that we already used in (Rend. Sem. Mat.
Univ. Padova 107 (2002) 191–208) for describing the case n=1. We also supply proofs to some
ﬁniteness properties conjectured by Baldassarri and by Dwork, and we work out an explicit
formula for the number of essentially different Lamé equations when n = 2. This approach
can be generalized for arbitrary degree n (see (Counting Integral Lamé Equations by Means of
Dessins d’Enfants, arXiv:math.CA/0311510) for n integer).
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0. Introduction
Let us consider the second-order differential equation:
d2y
dx2
+ A(x)dy
dx
+ B(x)y = 0, (0.1)
where x is a complex variable and A, B are rational functions, A,B ∈ C(x).
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The results of this paper are related to the following question of algebraic and also
of arithmetic nature: under which hypothesis the solutions of Eq. (0.1) are all algebraic
functions, that is, they belong to a ﬁnite extension of the ﬁeld C(x)?
Let S be the set of the singular points of Eq. (0.1), that is, S contains ∞ and the
poles of A and B. Then, the equation has a full set of algebraic solutions if and only if
its monodromy group is ﬁnite, or, equivalently, if and only if the projective monodromy
group is ﬁnite and the Wronskian is an algebraic function. The monodromy group is
the group describing how the solutions behave when they are prolonged along the paths
in the fundamental group of P1 \S, where P1 is the projective line or, equivalently, the
Riemann sphere C ∪ {∞}. The projective monodromy group is the monodromy group
modulo the constants; it describes how behaves, when prolonged along the paths of the
fundamental group, the ratio of two functions forming a basis of solutions of (0.1).
In order to answer the previous question, the ﬁrst invariant to take into account is
the number s of singular points. The ﬁrst non-trivial case is s = 3, and the answer
is then given by Schwarz [21], who proved that the equation must be hypergeometric
and also gave the list of the possible situations. Afterwards, Klein [14] restricted this
list, by taking into account certain equivalences, and gave the list that shall be called
hereafter “the basic Schwarz list”.
Moreover, Klein proved that, in general, a linear differential equation of order two
with ﬁnite projective monodromy group is a weak pull-back, via a rational function f,
of a hypergeometric operator in the “basic Schwarz list” (that is, it is obtained, modulo
an equivalence relation that will be described in the next section, from an operator in
this list by changing the variable, x = f ()). This result (Theorem 1.2 in the following
section) is the starting point of our study.
The case s = 4 is still not completely solved. If s = 3 the differential operator
under investigation is rigid, in the sense that it is globally determined by the local
data—the singular points and the local exponents. This fact makes the problem much
easier, but this is no longer true as soon as the number of singular points is greater
than 3. The equation depends then on some extra parameters, classically called “acces-
sory parameters’’ or “constants in excess’’ (see [12] for a modern investigation of the
“rigidity’’).
Baldassarri [3], obtained several results on the Lamé differential operator
Ln =
(
d
dx
)2
+ 1
2
3∑
i=1
1
x − ei
d
dx
− n(n+ 1)x + B
4
∏3
i=1 (x − ei)
. (0.2)
The Riemann scheme of Ln, containing the singular points and the local exponents, is

 e1 e2 e3 ∞0 0 0 −n2 x1
2
1
2
1
2
n+1
2

 . (0.3)
The degree parameter n is a rational number, and B is the accessory parameter. Let us
also remark that the Wronskian of a Lamé equation is always an algebraic function.
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In [15] we looked closely at the case n = 1 and we determined the number of
essentially different operators L1 with ﬁnite monodromy. The purpose of this paper is
to go forward in this investigation and to describe (quasi)completely these operators,
for arbitrary n ∈ Q. Under the assumption n /∈ 12 +Z, the rational function f in Klein’s
Theorem mentioned before has at most three critical values (including the point at
inﬁnity)—it is the so-called Belyi function. By the Grothendieck correspondence one
associates to a Belyi function, in a natural manner, a planar graph. We refer to Schneps’
paper [20] for details. We have in such a way explicit combinatorial data attached to
the Lamé differential operator.
The main theorem of this article (Theorem 3.4) recovers some of the results obtained
by Baldassarri [3]. The method that we use is different, and relies on the combinatorics
associated to a Belyi function via the Grothendieck correspondence. This approach is
not related to the speciﬁc form of the Lamé operators, so it is probably applicable to
other classes of second-order differential operators. Moreover, we prove a couple of
properties conjectured by Dwork and Baldassarri, and that are versions, for the case of
the Lamé operators, of the Dwork’s accessory parameter problem (see [3,4]).
In an independent work [5], Beukers and Van der Waall realize another study of
Lamé differential operators with algebraic solutions, based mainly on the group theoretic
properties of the monodromy group. For another recent approach see also Maier [17].
Section 1 of the present paper is devoted to a review of some notions and results
concerning differential operators of second order with algebraic solutions and the com-
binatorics of Belyi covers. Through this paper the “solutions of a differential operator"
are, of course, the solutions of the corresponding differential equation. We shall use
freely both formulations.
The main result of Section 2 describes the rational functions which transform, via
pull-back, a hypergeometric operator in the basic Schwarz list into another one.
In Section 3, we investigate the Lamé operators Ln with a full set of algebraic
solutions, when n /∈ Z + 12 . We prove that if this happens then n ∈ Z ∪ 12 (Z + 12 ) ∪
1
3 (Z+ 12 )∪ 15 (Z+ 12 ). Moreover, our combinatorial approach provides evidence that for
each n in this set there exists a Lamé operator Ln with ﬁnite monodromy. Furthermore,
we supply proofs of some ﬁniteness problems and we give an explicit formula for the
number of Lamé equations with ﬁnite monodromy if n = 2. Our method has been
generalized recently for arbitrary n ∈ Z [8]. The procedure consists in analyzing the
different cases for the ramiﬁcation data of the Belyi function that realizes a Lamé
operator as the pull-back of a hypergeometric one. As this analysis, even if rather
elementary, is combinatorial and sometimes quite technical, we preferred to give full
details only in some of the cases, most of the other ones being eventually illustrated
by some of the examples in the last section.
1. Preliminaries: differential operators of second order, Belyi functions, dessins
d’enfants
This section contains a review of some notions and results on second-order linear
differential operators with a full set of algebraic solutions, as well as on covers of
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the projective line with at most three branching points. The reader can ﬁnd details in
[1,2,20,16].
Let
L = D2 + AD + B
be a second-order linear differential operator, where A,B ∈ C(x) are rational functions
in one variable and D = d
dx
. Let x1, x2, . . . , xr be the poles of A and B. The set
S = {x1, x2, . . . , xr ,∞} is the set of singular points of L. The operator L can be seen
as a differential operator on P1 \ S. By abuse of language we shall say that it is a
differential operator on P1. In some neighborhood of any a /∈ S the operator L has a
basis of solutions of the form
f1 = u1; f2 = (x − a)u2,
where u1 and u2 are analytic, invertible functions in this neighborhood. We shall
suppose that if a is a singular point, then L has a basis of solutions
f1 = (x − a)1u1; f2 = (x − a)2u2
in some neighborhood of a, where u1 and u2 are analytic, invertible functions in this
neighborhood and 1, 2 ∈ Q. In other words, we suppose that all the singular points
of L are regular, without logarithmic solutions and with rational exponents. Let P,L =
|1 − 2| be the exponent difference of L at the point P and L =∑P∈P1 (P,L − 1).
Two operators L and L′ are said to be projectively equivalent if in any point a
ratio of two independent solutions of L is also a ratio of independent solutions of L′.
Any operator L is projectively equivalent to one in normalized form: L′ = D2 + Q,
with Q ∈ C(x). It is obvious that projectively equivalent operators have the same
singular points and exponent differences. If L and L′ are two differential operators and
f : P1 → P1 is a rational function, then we say that L is a weak pull-back of L′ via f
if ′ ◦ f is a ratio of independent solutions of L, provided ′ is a ratio of independent
solutions of L′. Let us remark that in this case L is projectively equivalent with the
“usual’’ pull-back of L′ by f (that is, the operator obtained from L′ by the change of
variable x = f ()). As we are interested in studying the set of differential operators
modulo the projective equivalence, we shall use freely in this paper the notation f ∗L′
for a weak pull-back of the operator L′.
If L = f ∗L′ we obviously have P,L = eP · f (P ),L′ for any P (eP being the
ramiﬁcation index of P). As a consequence of the Riemann–Hurwitz formula (see
for example [13]), one obtains L + 2 = deg f · (L′ + 2). Moreover, the projective
monodromy group of L is a subgroup of the projective monodromy group of L′.
Remark 1.1. This entire theory can be presented for differential operators of order two
on an arbitrary curve, D being a derivation of its function ﬁeld (see [2]). As we shall
look at the Lamé operators, we preferred to remain in the context of P1.
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We are interested in those operators which have a full set of solutions contained in a
ﬁnite extension of C(x). This property is equivalent to the ﬁniteness of the monodromy
group of the operator, or furthermore, to the ﬁniteness of the projective monodromy
group and the algebraicity of the Wronskian. If there are only three singular points,
the operators having a full set of algebraic solutions are all hypergeometric, and they
have the following normalized form:
H,, = D2 +Q,,, (1.1)
where
Q,, = 1− 
2
4x2
+ 1− 
2
4(x − 1)2 +
2 + 2 − 2 − 1
4x(x − 1) , (1.2)
 +  +  > 1. The singular points are 0, 1 and ∞, with the exponent differences
P,H,, equal to ,, , respectively. We refer to [10] for further information about
the hypergeometric equation. The values of the parameters ,,  corresponding to such
operators with a full set of algebraic solutions, as well as the corresponding projective
monodromy groups, are contained in the following table (“the basic Schwarz list”, [14];
we also refer to [21] for the original list of Schwarz):
(,, ) GH,,
(1/n, 1, 1/n) Cn, cyclic of order n
(1/2, 1/n, 1/2) Dn, dihedral of order 2n
(1/2, 1/3, 1/3) A4, tetrahedral
(1/2, 1/3, 1/4) S4, octahedral
(1/2, 1/3, 1/5) A5, icosahedral
In general, second-order linear differential operators with ﬁnite projective monodromy
group are characterized by the following theorem, due to Klein ([14], see also [1]):
Theorem 1.2. Let L be a second-order linear differential operator L in normalized
form on P1, with ﬁnite projective monodromy group G. Then there exists an unique
hypergeometric operator H belonging to the Schwarz list, having the same projective
monodromy group G, such that L is a weak pull-back of H via a rational function
f : P1 → P1. Moreover, the function f is also unique, modulo Möbius transformations
leaving the operator H invariant and permuting its singular points.
Baldassarri generalized this result to the case of an arbitrary curve [2].
We can say more if at all singular points the exponent differences of L are not
integers, in other words if the operator has no apparent singularity. As Katz remarked
[12], this corresponds to the case where the local monodromy has distinct eigenvalues at
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each singular point, and in this situation the indicial polynomial determines completely
the local monodromy.
Remark 1.3. If L = D2 + Q, L′ = D2 + Q′ and L′ is the pull-back of L via the
rational function f : P1 → P1, Baldassarri and Dwork calculated [1]
Q′(x) = Q(f (x)) · (f ′)2 + 1
2
(
f ′′
f ′
)′
− 1
4
(
f ′′
f ′
)2
. (1.3)
Proposition 1.4. Suppose that the operator L as in Theorem 1.2 has no apparent
singularity. Then the rational function f is ramiﬁed at most over 0, 1 and ∞.
Proof. We use the notations in Theorem 1.2. Suppose that there is a point P ∈ P1
with eP > 1 and f (P ) /∈ {0, 1,∞}. It follows that P,L = eP · f (P ),H = eP ∈ Z>1
as f (P ) is not a singular point for H. But this is in contradiction with the hypothesis
that L has no apparent singularity. 
A function f : C → P1 with at most three critical values is called a Belyi function.
We can suppose, without any loss of generality, that these three critical values are 0, 1
and ∞. A Belyi function f is called clean if the multiplicity eP = 2 for all P ∈ f−1(1)
(and preclean if it is at most 2). A Belyi function f : P1 → P1 is called a ∗-function
if {0, 1,∞} ⊆ f−1({0, 1,∞}).
Let f : C → P1 be a Belyi function and consider f−1([0, 1]); it is a bipartite
graph on the topological model of C. The vertices are the elements of f−1({0, 1})
and they are marked with two “colors’’: • for the inverse images of 0 and  for the
inverse images of 1. This object is called a dessin d’enfants. There is a complete
correspondence between the ramiﬁcation data of f and the combinatorial data of the
dessin (we refer to [20] for a detailed description). For instance, the valency of a vertex
(that is, the number of edges containing the vertex) coincides with the multiplicity of
the corresponding point in f−1({0, 1}). In every cell there is a point  corresponding
to an inverse image of ∞, the valency of the cell (that is, the number of edges that
bound it) being double the multiplicity of . A dessin is called clean if any vertex
marked with one of the colors, say , has valency 2. In this case we can view a couple
of edges • − −  − − • as a single edge, so regard a clean dessin as a graph (forget
the “colors’’ associated to the vertices). The vertices are the elements of f−1(0), on
every edge there is a point corresponding to an inverse image of 1, and in every cell
we have a point corresponding to an inverse image of ∞. Notice that in this case
the valency of every cell is equal to the multiplicity of the corresponding element
of f−1(∞).
The point is that there is also a correspondence in the other direction, which gives
Grothendieck correspondence. There is a bijective correspondence between the set of
clean Belyi couples (C, f : C → P1) modulo isomorphisms and the set of abstract
clean dessins (i.e. isomorphism classes of dessins).
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In this correspondence it may seem that the “role’’ played by the critical values 0,
1 and ∞ of a Belyi function f is not the same. In fact we can always permute them
with a Möbius transformation , and obtain a new Belyi function f ◦ . The dessins
associated to f and f ◦  are, in some sense, dual.
The main result concerning Belyi functions we shall use in this paper is the following:
Theorem 1.5 (Litcanu [16]). Let M > 1 a ﬁxed real number. The set of ∗-functions
of degree at most M is ﬁnite.
Remark 1.6. We obtain as an easy consequence of this result Theorem 1.1 in [5]: the
set of second-order linear differential operators with ﬁnite monodromy group, modulo
projective and homographic equivalence, is countable.
We ﬁnish this section by recalling some terminology and basic properties in graph
theory. A graph is simple if it does not contain multiple edges or loops. A graph is
regular if all vertices have the same valency. Each graph contains an even number of
vertices of odd valency. A graph is bipartite if and only if it has no circuit of odd
length, which is equivalent to say that every cell has even valency. For example, a clean
dessin, which is a graph whose vertices are the inverse images of 0, it is bipartite if
and only if all the elements in f−1(∞) have even multiplicity. A bridge is an edge
whose removal disconnects the graph. If a graph is connected, bipartite, k-regular with
k2 then it contains no bridge.
2. The case of hypergeometric operators
The result presented in this section describes the rational functions which transform,
via pull-back, a hypergeometric operators in the basic Schwarz list into another one.
Theorem 2.1. The cases in which a hypergeometric operator in the basic Schwarz list
can be obtained via a rational pull-back from another operator in this list are described
in the following table:
H 1
n ,1,
1
n
H 1
2 ,
1
n ,
1
2 ,
H 1
2 ,
1
3 ,
1
3
H 1
2 ,
1
3 ,
1
4
H 1
2 ,
1
3 ,
1
5
Cn′ , n′ | n C2, Cn′ (n′ | n) C1, C2, C3 C1, C2(∗), C3, C4 C1, C2, C3, C5
Dn′ (n′ | n) D2 D2(∗),D3,D4 D2,D3,D5
A4 A4
where under each operator the projective monodromy groups of the pull-back operators
appear, and “∗” signiﬁes that the rational function is not unique.
Proof. Let us remark in the ﬁrst place that for any operator H in the basic Schwarz
list there exists a rational function f such that f ∗H has trivial monodromy (no sin-
gular point). Essentially, these functions are either cyclic covers (when H has cyclic
monodromy), or the associated dessins correspond to some regular polyhedra.
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The case of the dihedral groups can be found in [15]. In all the situations the pull-
back is realized via a Belyi function. The ramiﬁcation data of this function is known,
so also the combinatorial data of the associated dessin. The function exists if the dessin
can be drawn.
We give the details for the case f ∗H 1
2 ,
1
3 ,
1
4
= H 1
2 ,
1
n
, 12 ,
. As Dn is a subgroup of S4,
it follows that n ∈ {2, 3, 4}.
If n = 2, then deg f = 6 and the possible ramiﬁcation data of f is
0 1 ∞ ai
0 0, 1 0, 1 0, 1 0, 2
1 0, 3
∞ 0, 2 0, 2 0, 2 0, 4
where ai , i = 1, 2, 3, 4, 5 are the points in f−1({0, 1,∞}) different from 0, 1, ∞.
This table and the similar ones that follow must be read as follows: the ﬁrst col-
umn contains the critical values 0, 1 and ∞; the ﬁrst row, the deg f + 2 points
in the ramiﬁed ﬁbers (we can suppose that three of them are 0, 1, ∞); at the in-
tersection of the column P and the row Q we indicate the possible values of the
multiplicity of P in the ﬁber f−1(Q) (if nothing appears, then P cannot belong to
f−1(Q)). It is obvious that for each possible choice of the function f, every column
must have an unique positive value, and the sum of the multiplicities in every row must
be deg f .
Taking into account these restrictions, there are two possible covers with the ramiﬁ-
cation data
0 1 ∞
0 +3 double points
1 +2 triple points
∞ 2 2 2
0 1 ∞
0 1 1 +2 points with multiplicity 2
1 +2 points with multiplicity 3
∞ 2 +1 point with multiplicity 4
with the following associated dessins:
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If n = 3, deg f = 4 and the ramiﬁcation data of f must be of the form
0 1 ∞ ai
0 0, 1 0, 1 0, 2
1 1 0, 3
∞ 0, 2 0, 2 0, 4
and the only possibility is
0 1 ∞
0 1 1 +1 point with multiplicity 2
1 1 +1 point with multiplicity 3
∞ +1 point with multiplicity 4
If n = 4, deg f = 3 and the ramiﬁcation data of f must be consistent with
0 1 ∞ ai
0 0, 1 0, 1 0, 2
1 0, 3
∞ 0, 2 1 0, 2 0, 4
and the only possibility is
0 1 ∞
0 1 +1 point with multiplicity 2
1 +1 point with multiplicity 3
∞ 2 1
This completes the proof. 
3. Lamé operators with algebraic solutions
If the case of second-order linear differential operators on the projective line, having
a full set of algebraic solutions and at most three singular points, is well known,
this is not the case for operators with four singular points. We shall consider in the
remainder of this paper the second-order differential operators with four singular points
and Riemann scheme (0.3). We ﬁnd among them operators (0.2), and by a slight abuse
of terminology we shall call Lamé operators all those with the Riemann scheme (0.3)
(we shall call those in form (0.2) “classical”). Such an operator shall be denoted as
Ln (n ∈ Q), even if it also depends on the singular points e1, e2, e3 ∈ C and, more
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important, on the accessory parameter B ∈ C. The difference exponent at ei is 12
(i = 1, 2, 3), and the one at ∞ is ∣∣n+ 12
∣∣
.
Remark 3.1. Klein’s Theorem 1.2 concerns differential operators in normalized form.
Any differential operator of order two can be locally reduced to one in normalized
form D2 +Q via a transformation L → 1 ◦L ◦  (with  locally deﬁned). In the case
of a classical Lamé operator (0.2), if we denote 	(x) = 4∏3i=1(x − ei),  is deﬁned
as 
′ = − 14
	′
	 and
Q = −n(n+ 1)x + B
	
− 1
4
	′′
	
+ 3
16
(
	′
	
)2
(3.1)
(see [3,6]). Moreover, as Chiarellotto noticed [6], Ln is characterized by and can be
recovered from the normalized operator generated with this transformation. This insures
that homographic equivalence for classical Lamé operators (0.2) is equal to that for the
normalized ones (see also [5]). For example, a ﬁniteness result when one obtains for
operators modulo projective and homographic equivalence translates into a ﬁniteness
result for classical Lamé operators modulo homographic equivalence.
As we identify operators modulo homographic equivalence, for the sake of simplicity
we suppose in this section that e1 = 0, e2 = 1, e3 =  ∈ C \ {0, 1}. We shall restrict
our study to those operators with all difference exponents, at the singular points, non-
integers. In the case of Lamé operators, this means that n /∈ Z + 12 . In this case,
Proposition 1.4 says that the Lamé operator is a pull-back of a hypergeometric operator
in the basic Schwarz list via a Belyi function. Our assumption on the singular points
implies that this is a ∗-function.
Remark 3.2. Brioschi proved that if n ∈ Z+ 12 , then Ln has algebraic solutions if and
only if the projective monodromy group is the Klein four group (the dihedral group
D2) ([19]; see also [3,9]).
It is easy to see that the Lamé operator L does not change if we replace n by −n−1.
So we can suppose that n > − 12 .
Lemma 3.3. Let f, g : P1 → P1 be two Belyi functions, deg f = MN , deg g = N . Let

0,
1,
∞ ∈ SMN be the monodromy of f above 0, 1,∞ respectively and 0,1,∞ ∈
SN that of g. There exists a function h : P1 → P1 such that f = h ◦ g if and only if
there exists a partition P = {C1, . . . , CN } of {1, 2, . . . ,MN}, #Cj = M , such that for
all ( j, ), 
(Cj ) = C( j)
Proof. The condition in the lemma says that the representation 1(P1 \ {0, 1,∞}) →
SMN is imprimitive. Everything follows then from the equivalence of categories between
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the representations of 1(P1 \ {0, 1,∞}) → SMN and the unramiﬁed covers of 1(P1 \
{0, 1,∞}) of degree MN. 
Theorem 3.4. (1) There is no Lamé operator with cyclic projective monodromy group.
(2) There is no Lamé operator with tetrahedral projective monodromy group.
(3) If the projective monodromy group of the Lamé operator Ln is octahedral, then
n ∈ 12 (Z+ 12 ) ∪ 13 (Z+ 12 ).(4) If the projective monodromy group of the Lamé operator Ln is icosahedral, then
n ∈ 13 (Z+ 12 ) ∪ 15 (Z+ 12 ).(5) If the projective monodromy group of the Lamé operator Ln is dihedral, then
n ∈ Z. If n ∈ Z and the projective monodromy group is ﬁnite, then this group is
dihedral of order at least 6.
Proof. It follows from Remark 3.2 that a Lamé operator with ﬁnite projective mon-
odromy group different from the Klein group is a pull-back of a hypergeometric op-
erator with the same projective monodromy group, via a Belyi function. The proof
of all cases is based on the analysis of the combinatorial data of this function f
that exists by Klein’s theorem, as well as on the combinatorial data of the asso-
ciated dessin. Let G be the projective monodromy group of the Lamé
operator Ln.
1. If G = CN , then there exists a Belyi function f : P1 → P1 such that Ln =
f ∗H 1
N
,1, 1
N
. The following table describes the possible ramiﬁcation data of f:
0 1  ∞ ai
0 0, N/2 0, N/2 0, N/2 0 0, N
∞ 0, N/2 0, N/2 0, N/2 0 0, N
f (∞) 0 0 0 n+ 1/2 0, 1
i = 1, . . . , nN2 − 2. There are two cases:
0 1  ∞
0 N/2 N/2 N/2 + n−32 points with multiplicity N∞ + n2 points with multiplicity N
f (∞) n+ 1/2 + nN−2n−12 non-ramiﬁed points
0 1  ∞
0 N/2 N/2 + n2 − 1 points with multiplicity N
∞ N/2 + n2 − 12 points with multiplicity N
f (∞) n+ 1/2 + nN−2n−12 non-ramiﬁed points
and both of them are impossible: n−32 and
n
2 both cannot be integers in the ﬁrst case,
the same with n2 − 1 and n2 − 12 in the second.
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2. Similarly, if G = A4 and f : P1 → P1 is a Belyi function such that Ln =
f ∗H 1
2 ,
1
3 ,
1
3
, then the possible ramiﬁcation of f is:
0 1  ∞ ai
0 1 1 1 0, 2n+ 1 0, 2
1 0 0 0 0, 3n+ 32 0, 3
∞ 0 0 0 0, 3n+ 32 0, 3
i = 1, . . . , 6n− 2. There are two cases (modulo homography):
0 1  ∞
0 1 1 1 2n+ 1 +2n− 2 points with multiplicity 2
1 +2n points with multiplicity 3
∞ +2n points with multiplicity 3
0 1  ∞
0 1 1 1 +3n− 32 points with multiplicity 2
1 3n+ 32 +n− 12 points with multiplicity 3∞ +2n points with multiplicity 3
The last one is obviously impossible: the situation n− 12 ∈ Z was excluded by Remark
3.2. The ﬁrst case is also impossible: the existence of a function f with such a ramiﬁ-
cation data would imply (by permuting 0 and ∞) the existence of a Belyi cover whose
associated dessin is a 3-regular graph. It is bipartite by the deﬁnition of a dessin, so it
contains no bridge. On the other hand, it has a (4n+ 2)-valency cell which cannot be
realized with the 4n vertices of the graph if there is no bridge.
3. If G = S4, we look for the Belyi functions f such that Ln = f ∗H 1
2 ,
1
3 ,
1
4
, then the
possible ramiﬁcation of f is:
0 1  ∞ ai
0 0, 1 0, 1 0, 1 0, 2n+ 1 0, 2
1 0 0 0 0, 3n+ 32 0, 3∞ 0, 2 0, 2 0, 2 0, 4n+ 2 0, 4
i = 1, . . . , 12n− 2. If f (∞) = 1, it follows that n ∈ 13 (Z+ 12 ), as 3n+ 32 must be an
integer. If not, we have the following cases:
3a.
0 1  ∞
0 +6n points with multiplicity 2
1 +4n points with multiplicity 3
∞ 2 2 2 4n+ 2 +2n− 2 points with multiplicity 4
It follows that n ∈ 12Z, and as n /∈ Z + 12 by Remark 3.2 we can suppose n ∈ Z.
Then the associated dessin is clean, so we can see it as a graph whose vertices are
the inverse images of 1 (this time on each edge we have a point corresponding to an
inverse image of 0). It is 3-regular, bipartite (all cells have even valency), so it has
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no bridge. But the (4n + 2)-valency cell cannot be obtained with a maximum of 4n
vertices without bridges, so such a dessin cannot exist.
3b.
0 1  ∞
0 1 +6n− 12 points with multiplicity 2
1 +4n points with multiplicity 3
∞ 2 2 4n+ 2 +2n− 32 points with multiplicity 4
As 2n ∈ Z+ 12 , it follows that n ∈ 12 (Z+ 12 ). In fact, by an argument similar to the
one used in previous case, this is also impossible.
3c.
0 1  ∞
0 1 1 +6n− 1 points with multiplicity 2
1 +4n points with multiplicity 3
∞ 2 4n+ 2 +2n− 1 points with multiplicity 4
As previously (case (3a)), n ∈ Z. Let 
0,
1,
∞ ∈ S12n be the monodromy of f above
0, 1 and ∞, respectively, 
0 · 
1 · 
∞ = 1. Then we can write

1 = (1 2 3)(4 5 6)(7 8 9) . . . (12n− 2 12n− 1 12n),

0 = (1)(2 4)(5 7)(8 10) . . . (12n− 4 12n− 2)(3 12n) . . . (6n 6n+ 3)(12n− 1).
Here we used that 
1 is the product of 4n 3-cycles, 
0 is the product of two 1-cycles
with 6n− 1 2-cycles and 
∞ = 
−11 · 
−10 is the product of a 2-cycle, a (4n+ 2)-cycle
and 2n − 1 4-cycles (this implies, for example, that a 2-cycle in 
0 and a 3-cycle in

1 cannot have more than one common element; also, the two 1-cycles in 
0 cannot
be in the same 3-cycle of 
1, etc). Let then
C1 = {1, 5, 7, 11, 13, 17, . . . , 12n− 7, 12n− 5, 12n− 1},
C2 = {2, 6, 8, 12, 14, 18, . . . , 12n− 6, 12n− 4, 12n},
C3 = {3, 4, 9, 10, 15, 16, . . . , 12n− 8, 12n− 3, 12n− 2}.
Each of these sets has cardinality 4n and they realize a partition of {1, 2, . . . , 12n}. Let
now 0 = (1)(2 3),1 = (1 2 3),∞ = (1 3)(2) be three elements of S3. We have:

0(C1) = C1 = C0(1), 
0(C2) = C3 = C0(2), 
0(C3) = C2 = C0(3),

1(C1) = C2 = C1(1), 
1(C2) = C3 = C1(2), 
1(C3) = C1 = C1(3)
and as 
0 · 
1 · 
∞ = 1, 0 · 1 · ∞ = 1,

∞(C1) = C3 = C∞(1), 
∞(C2) = C2 = C∞(2), 
∞(C3) = C1 = C∞(3).
But (0,1,∞) is the monodromy of the rational function g : P1 → P1 of degree
3 which realizes H 1
2 ,
1
4 ,
1
2
as the pull-back of H 1
2 ,
1
3 ,
1
4
(see Theorem 2.1), so by Lemma
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3.3 there exists a function h such that f = h ◦ g. So the projective monodromy group
of the pull-back of H 1
2 ,
1
3 ,
1
4
by a function f corresponding to the ramiﬁcation data 3c
is the dihedral group of order 8 (see also Example 4 in the last section).
3d.
0 1  ∞
0 1 1 1 +6n− 32 points with multiplicity 2
1 +4n points with multiplicity 3
∞ 4n+ 2 +2n− 12 points with multiplicity 4
As all the quantities in the table must be integer, it follows that n ∈ 12 (Z+ 12 ).
3e.
0 1  ∞
0 2n+ 1 +5n− 12 points with multiplicity 2
1 +4n points with multiplicity 3
∞ 2 2 2 +3n− 32 points with multiplicity 4
As all the quantities in the table must be integers, it follows that n ∈ Z+ 12 , which is
impossible by Remark 3.2.
3f.
0 1  ∞
0 1 2n+ 1 +5n− 1 points with multiplicity 2
1 +4n points with multiplicity 3
∞ 2 2 +3n− 1 points with multiplicity 4
It is easy to see that n ∈ Z. By an argument similar to the one used in case 3c we
obtain a partition of the set {1, 2, . . . , 12n} which satisﬁes the conditions in Lemma
3.3 and so implies that f = h ◦ g, where g : P1 → P1 is the rational function which
realizes H 1
2 ,
1
4 ,
1
2
as a pull-back of H 1
2 ,
1
3 ,
1
4
. It follows that the projective monodromy
group of the Lamé operator f ∗H 1
2 ,
1
3 ,
1
4
is the dihedral group of order 8 (see Example
5 in the last section).
3g.
0 1  ∞
0 1 1 2n+ 1 +5n− 32 points with multiplicity 2
1 +4n points with multiplicity 3
∞ 2 +3n− 12 points with multiplicity 4
As 4n and 3n− 12 must be integers, it follows that n ∈ Z+ 12 , which is impossible by
Remark 3.2.
3h.
0 1  ∞
0 1 1 1 2n+ 1 +5n− 2 points with multiplicity 2
1 +4n points with multiplicity 3
∞ +3n points with multiplicity 4
Again, n ∈ Z. As in cases 3c and 3f we obtain a partition of the set {1, 2, . . . , 12n}
which satisﬁes the conditions of Lemma 3.3 with respect to the function f and the
rational function g : P1 → P1 which realizes H 1
2 ,
1
3 ,
1
2
as a pull-back of H 1
2 ,
1
3 ,
1
4
, so
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f = h ◦ g and the projective monodromy group of f ∗H 1
2 ,
1
3 ,
1
4
is the dihedral group of
order 6 (see Example 6 in the last section).
4. If G = A5, we look for the Belyi functions f such that Ln = f ∗H 1
2 ,
1
3 ,
1
5
. Then
f ({0, 1, }) = {0}. If f (∞) = 1, then e∞ = 3n + 32 ∈ Z therefore n ∈ 13 (Z + 12 ). If
f (∞) = ∞, then e∞ = 5n + 52 ∈ Z therefore n ∈ 15 (Z + 12 ). If f (∞) = 0 then the
ramiﬁcation data of f is
0 1  ∞
0 1 1 1 2n+ 1 +14n− 2 points with multiplicity 2
1 +10n points with multiplicity 3
∞ +6n points with multiplicity 5
Arguments similar to those used in case 3c imply that in this case the projective
monodromy group of f ∗H 1
2 ,
1
3 ,
1
5
is dihedral.
5. If follows from (1)–(4) that if n ∈ Z then the projective monodromy group of Ln
is dihedral. The fact that it cannot be of order 4 is a consequence of Remark 3.2, or
it can be seen directly [15].
Conversely, suppose that the projective monodromy group of Ln is dihedral of order
2N , N > 2. Hence there exists a rational function f : P1 → P1 such that Ln =
f ∗H 1
2 ,
1
N
, 12
and deg f = nN . Then it is easy to see that the ﬁber f−1(1) contains n
points with multiplicity N, so n ∈ Z. 
Remark 3.5. The proof of all cases is based on the analysis of the ramiﬁcation data of
the rational function f that exists by Klein’s theorem, as well as on the combinatorial
data of the associated dessin. The assertions in Theorem 3.4 were already proved
by Baldassarri in [3], with different techniques. As Beukers and Van der Waall also
remarked [5], in [3] there is a slight error in the case of the octahedral group, since
the only possibility allowed for n in the cited article is 12 (Z+ 12 ) (see also [17] and the
examples in the last section). This is due to the fact that the author states, erroneously,
that in this case f (∞) = 1.
As in each case the degree of the Belyi function f is determined by n and the
projective monodromy group, the following theorem is obtained as an easy consequence
of Theorem 1.5:
Theorem 3.6. Let M > 0 be a ﬁxed real number. There are ﬁnitely many Lamé oper-
ators (modulo homography) with |n| M and ﬁxed ﬁnite monodromy group.
In particular, we obtain:
Corollary 3.7. For ﬁxed n and N, there are ﬁnitely many Lamé operators Ln with the
dihedral group DN as projective monodromy group.
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Corollary 3.8. For ﬁxed n /∈ 12Z, there are ﬁnitely many Lamé operators Ln with afull set of algebraic solutions.
Remark 3.9. These statements answer questions asked by Dwork and Baldassarri [4,3];
it seems that Dwork provided an answer, based on his arguments in positive character-
istics in [9], though this was not published (see [4], Nota 2.25; [18, Proposition 2.8]
or [22, Section 4]).
4. Some examples
This section will contain some examples, which will cover several situations in The-
orem 3.4. Even if the corresponding Lamé operator is not always explicitly determined,
we are able to draw the dessin d’enfants corresponding to the rational function used for
realizing the pull-back. We recall that everything is considered modulo homographic
equivalence, that is, we freely permute the critical values 0, 1 and ∞, for the sake of
the simplicity of the dessin.
1. n = 14 . The projective monodromy group of every L1/4 is octahedral and the
ramiﬁcation data of a function f such that L1/4 = f ∗H 1
2 ,
1
3 ,
1
4
is:
e1 e2 e3 ∞
0 1 1 1
1 +1 point with multiplicity 3
∞ 3
There is only one way to draw the associated dessin:
If we suppose for example, like Baldassarri [3], that e1 + e2 + e3 = 0, we get
f (x) = −x3 + 1. It follows that 	(x) = 4∏3i=1(x − ei) = 4(x3 − 1). Using relations
(1.3) and (3.1) we obtain B = 0.
2. n = 16 . The projective monodromy group of L1/6 is either octahedral or icosa-
hedral. In the ﬁrst situation, the ramiﬁcation data of a function f such that L1/6 =
f ∗H 1
2 ,
1
3 ,
1
4
is:
e1 e2 e3 ∞
0 1 1
1 2
∞ 2
and the associated dessin:
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If we suppose again that e1 + e2 + e3 = 0, we get f (x) = x2−cx2 (c a non-zero
constant) and 	(x) = x3−cx. This example (up to a homography) was also considered
by Beukers and Van der Waall [5], who obtained B = 0.
If the projective monodromy group is icosahedral, then the ramiﬁcation data of f
such that L1/6 = f ∗H 1
2 ,
1
3 ,
1
5
is:
e1 e2 e3 ∞
0 1 1 1 +1 point with multiplicity 2
1 2 +1 point with multiplicity 3
∞ +1 point with multiplicity 5
and the associated dessin:
3. n = 110 . The projective monodromy group of every L1/10 is icosahedral and the
ramiﬁcation data of a function f such that L1/10 = f ∗H 1
2 ,
1
3 ,
1
5
is:
e1 e2 e3 ∞
0 1 1 1
1 +1 point with multiplicity 3
∞ 3
It is the same function as in the ﬁrst example, f (x) = −x3 + 1 if we suppose
e1 + e2 + e3 = 0. As in the ﬁrst example, we obtain B = 0 (this situation was also
considered by Baldassarri [3]).
4. We consider now case (3c) in Theorem 3.4, for n = 1. The ramiﬁcation of the
rational function f is:
0 1  ∞
0 1 1 +5 points with multiplicity 2
1 +4 points with multiplicity 3
∞ 2 6 +1 point with multiplicity 4
There is only one dessin with the corresponding combinatorial data:
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In fact, it is easy to see that in case (3c) of Theorem 3.4 there is only one possible
dessin for every n ∈ N∗:
5. We consider a rational function f as in case (3f) of Theorem 3.4, for n = 2. The
ramiﬁcation table is:
0 1  ∞
0 1 5 +9 points with multiplicity 2
1 +8 points with multiplicity 3
∞ 2 2 +5 points with multiplicity 4
The only dessins with the corresponding combinatorial data are the following one and
the symmetric one with respect to a horizontal line:
Let 
0,
1,
∞ ∈ S24 be the monodromy of f above 0, 1 and ∞, respectively,

0 · 
1 · 
∞ = 1. We have

1 = (1 2 3)(4 5 6)(7 8 9) . . . (22 23 24),

0 = (1 4 7 10 13)(16)(2 15)(3 23)(5 21)(6 17)(8 18)(9 20)(11 24)(12 14)(19 22),

∞ = (1 15)(12 13)(2 14 11 23)(3 22 21 4)(5 20 8 17)(6 16 18 7)(9 19 24 10).
Let then
C1 = {1, 4, 7, 10, 13, 16, 19, 22},
C2 = {2, 5, 8, 11, 14, 17, 20, 23},
C3 = {3, 6, 9, 12, 15, 18, 21, 24}.
Each of these sets has cardinality 8 and they realize a partition of {1, 2, . . . , 24}.
Let now 0 = (1)(2 3),1 = (1 2 3),∞ = (1 3)(2) be three elements of S3.
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We have

0(C1) = C1 = C0(1), 
0(C2) = C3 = C0(2), 
0(C3) = C2 = C0(3),

1(C1) = C2 = C1(1), 
1(C2) = C3 = C1(2), 
1(C3) = C1 = C1(3),

∞(C1) = C3 = C∞(1), 
∞(C2) = C2 = C∞(2), 
∞(C3) = C1 = C∞(3).
But the only rational function g : P1 → P1 of degree 3 and with monodromy
0,1,∞ above 0, 1 and ∞, respectively, is the one which realizes H 1
2 ,
1
4 ,
1
2
as a
pull-back of H 1
2 ,
1
3 ,
1
4
(see Theorem 2.1), so by Lemma 3.3 there exists a function h
such that f = h ◦ g. So the projective monodromy group of the pull-back of H 1
2 ,
1
3 ,
1
4
by f is the dihedral group of order 8.
6. The ramiﬁcation data of a rational function f satisfying the conditions of case (3h)
of Theorem 3.4, for n = 1, is:
0 1  ∞
0 1 1 1 3 +3 points with multiplicity 2
1 +4 points with multiplicity 3
∞ +3 points with multiplicity 4
The only dessin with the corresponding combinatorial data is:
and the one obtained with the symmetry with respect to a horizontal line.
Let 
0,
1,
∞ ∈ S12 be the monodromy of f above 0, 1 and ∞, respectively,

0 · 
1 · 
∞ = 1. We have

1 = (1 2 3)(4 5 6)(7 8 9)(10 11 12),

0 = (1)(4)(7)(3 6 9)(2 10)(5 12)(8 11),

∞ = (1 3 8 10)(2 12 4 6)(5 11 7 9).
Let then
C1 = {1, 4, 7}, C2 = {3, 6, 9}, C3 = {2, 5, 8}, C4 = {10, 11, 12}.
112 R. Lit¸canu / J. Differential Equations 207 (2004) 93–116
Each of these sets has cardinality 3 and they realize a partition of {1, 2, . . . , 12}. Let
now 0 = (1)(2)(3 4),1 = (1 3 2)(4),∞ = (1 2 3 4) be three elements of S4. We
have

(Ci) = C(i), i = 1, 2, 3, 4,  = 1, 2, 3.
But (0,1,∞) is the monodromy of the rational function g : P1 → P1 of degree
4 which realizes H 1
2 ,
1
3 ,
1
2
as the pull-back of H 1
2 ,
1
3 ,
1
4
(see Theorem 2.1), so by Lemma
3.3 there exists a function h such that f = h ◦ g. So the projective monodromy group
of the pull-back of H 1
2 ,
1
3 ,
1
4
by f is the dihedral group of order 6.
7. This example concerns Lamé operators L2 with dihedral monodromy group. Before
stating the result that describes such operators, we remind the reader of the possible
cases for the ramiﬁcation data of f and the distribution of the deg f + 2 = nN + 2
points in the ramiﬁed ﬁbers [6,15]:
(Ia)
0 1  ∞
0 +nN/2 points with multiplicity 2
1 +n points with multiplicity N
∞ 1 1 1 2n+ 1 +1/2(nN − 2n− 4) points with multiplicity 2
(Ib)
0 1  ∞
0 1 +1/2(nN − 1) points with multiplicity 2
1 +n points with multiplicity N
∞ 1 1 2n+ 1 +1/2(nN − 2n− 3) points with multiplicity 2
(Ic)
0 1  ∞
0 1 1 +1/2(nN − 2) points with multiplicity 2
1 +n points with multiplicity N
∞ 1 2n+ 1 +1/2(nN − 2n− 2) points with multiplicity 2
(Id)
0 1  ∞
0 1 1 1 +1/2(nN − 3) points with multiplicity 2
1 +n points with multiplicity N
∞ 2n+ 1 +1/2(nN − 2n− 1) points with multiplicity 2
(II)
0 1  ∞
0 +nN/2 points with multiplicity 2
1 N/2 N/2 +n− 1 points with multiplicity N
∞ 1 2n+ 1 +1/2(nN − 2n− 2) points with multiplicity 2
Theorem 4.1. Let C(2, N) be the number of non-homographic covers P1 → P1 which
transform by pull-back a hypergeometric operator HDN in the basic Schwarz list into
a Lamé operator L2 and L(2, N) the number of non-homographic Lamé operators L2
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with ﬁnite dihedral monodromy group of order 2N . We have
C(2, N) = (N − 1)(N − 2)
2
=
∑
N ′|N
L(2, N ′).
Proof. It is easy to see that cases (Ib) and (Id) are impossible if n = 2. Indeed, there
should be 2n−12 , respectively,
2n−3
2 double points in f
−1(0), and these numbers are
obviously not integers.
Let us consider a function satisfying case (II). Permuting 0, 1 and ∞ we obtain
a cover P1 → P1 with the following ramiﬁcation data (after a permutation of 0, 1
and ∞, that is, after composing with a Möbius transformation):
0 1  ∞
1 N points with multiplicity 2
∞ N/2 N/2 1 point with multiplicity N
0 1 5 +N − 3 points with multiplicity 2
This means that the corresponding dessin has three cells and all the points above 1
are double (the dessin is clean). Over 0 we have a point with multiplicity 5, a simple
point and N − 3 double points.
Two of the cells have a valency N/2 and the third has a valency N. There is only
one branch which ends with a simple point and let l be its length. At least one of the
valency N/2 cells does not contain it, so it is bounded by N/2 edges. The branch is
then either in the other “small” cell (the case in the previous ﬁgure), either in the “big”
one. As the “small” cell has valency N/2, the remaining one will have the valency
N− l, if it does not contain the branch, or N+ l if it does. But both these situations are
in contradiction with the last table in the previous section, so case (II) is impossible.
So the only possible cases are (Ia) and (Ic), where the ramiﬁed ﬁbers are as follows
(again, after a permutation of 0, 1 and ∞):
(Ia)
0 1  ∞
1 +N points with multiplicity 2
∞ +2 points with multiplicity N
0 1 1 1 5 +(N − 4) points with multiplicity 2
(Ic)
0 1  ∞
1 1 1 +(N − 1) points with multiplicity 2
∞ +2 points with multiplicity N
0 1 5 +(N − 3) points with multiplicity 2
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The corresponding dessin has the following shape:
a
b
c
There are two cells with the same valency N and three branches which end with
simple points. If a, b, c are their lengths as in the ﬁgure above, it follows that a = b+c.
At least one of them has even length (it ends with a “•” point). The difference between
the two situations consists in the fact that in case (Ia) the other two branches have also
even length (they end with “•” points), as in (Ic) they both have odd length (they end
with “” points).
We have
a ∈ {2, 3, . . . , N − 1},
b ∈ {1, 2, . . . , a − 1},
so
C(2, N) =
N−1∑
i=2
(i − 1) = (N − 1)(N − 2)
2
.
Let N be a ﬁxed integer and N ′ | N . If N ′ = 2, then L(2, N ′) = 0. If not, Theorem
1.2 implies that for any Lamé operator L2 with projective monodromy group DN ′ there
exists an unique ∗-morphism f such that L2 = f ∗H 1
2 ,
1
N ′ ,
1
2
. On the other hand, Theorem
2.1 (the case when both groups are dihedral; see also Proposition 3.1 in [15]) says that
there exists an unique cover 	 : P1 → P1 such that 	∗H 1
2 ,
1
N
, 12
= H 1
2 ,
1
N ′ ,
1
2
. The last
equality in the theorem follows. 
Remark 4.2. By the same argument cases (Ib) and (Id) are not possible for any n
even.
Let  : N∗ → N be the Möbius function,
(n) =


1 if n = 1,
0 if n has a square factor,
(−1)k if n = p1 . . . pk, pi different primes.
Then, using the Möbius inversion formula (see [11]) we obtain
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Corollary 4.3. The number of non-homographic Lamé operators L2 with ﬁnite dihedral
monodromy group of order 2N is
L(2, N) =
∑
N ′|N
C(2, N ′)
(
N
N ′
)
,
where C(2, N ′) is the number of covers calculated in the previous theorem.
Remark 4.4. This method was already applied in [15] for obtaining a similar formula
in the case n = 1. Our argument has been generalized recently by Dahmen [8] for all
n ∈ Z.
An attempt to calculate L(2, N) was also done in [7] using the methods in [6].
Example 4.5. (a) L(2, 2) = 0. This is already proved in [6,15].
(b) L(2, 3) = C(2, 1)+ C(2, 3) = 1.
(c) L(2, 4) = C(2, 1)(4)+ C(2, 2)(2)+ C(2, 4)(1) = C(2, 4) = 3.
(d) L(2, 5) = C(2, 1)+ C(2, 5) = 6.
The dessins associated to the different covers in (b), (c), (d) are:
N=3 :
N=4 :
N=5 :
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